This paper deals with the study of the turbulent boundary layer development on two dimensional flows subjected to steady incompressible oncoming stream. In the turbulent flow, the boundary layer is divided into two layers, a wall layer and an outer layer. It is well known that the wall layer is universal but the outer layer depends on the pressure gradient. The outer layer is modeled as a nonlinear turbulent wake and consequently a constant eddy viscosity model for Clauser is adopted. The outer layer problem is shown to be governed by the classical Falkner -Skan equation for the laminar wake, the difference being in a turbulent condition which requires a finite stress at its inner boundary instead of zero stress in laminar flows. For the computations it was convenient to convert the above direct problem (for a given stress, find the slip velocity at the wall) to an inverse problem (given the slip velocity at the wall find the stress). Riley & Weidman (1989) dealt with the solution of the above inverse problem, but had not however covered the entire range of solutions. In the present work a much wider range solution to the inverse problem using a finite domain transformation is obtained by Runge-Kutta method. The results are displayed graphically and discussed critically. The solution of the inner and outer layers put together describes the turbulent boundary layer subjected to arbitrary pressure gradients.
INTRODUCTION
Turbulence can be defined as a chaotic vorticity field with the statistical mean being deterministic. Osborne Reynold was the first to recognize that turbulence is a problem in statistical dynamics. He separated the mean and fluctuating quantities by defining a probability average such that the mean stream is interacting with the fluctuating irregular edding indeterministic motion. His approach has lead to Reynolds's equations which involve additional unknowns called Reynold's stresses.
Much of what is known about turbulent shear flows stems from experiments supplemented by dimensional and similarity arguments.
2D Turbulent boundary layer equations
The turbulent boundary layer equations for a steady homogeneous isotropic Newtonian incompressible two dimensional flows in rectangular Cartesian coordinates are
Continuity equations
Momentum equation The analysis of turbulent boundary layer equations in the two layers is described below [2] ;
Inner layer
Introducing these inner variables (1) and (2) the lowest order terms give after integration;
i.e., the total stress in the inner layer is constant.
Outer Layer
The outer variables are
In the outer variables the boundary layer equations reduce to
subjected to the boundary conditions
The expansions in the outer layer are
..... , ,
where γ is a gauge function. The equation satisfied by the lowest order terms is
The Matching
The matching for the tangential velocity component leads to the functional equation 
The matching to the lowest order gives
This shows that both sides approaches a constant, say like k 1 independent of
The matching of the tangential velocity gives
which is the skin friction law. Subtracting (20) from (18) we get
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Equation (18) is the well known law of wall. Equation (21) is more general than the classical defect law and may be called the local defect law. To proceed further in the solutions of inner and outer layers we need some kind of Clauser hypothesis or certain evidences from experiments.
Method of solution -Inner layer
It is known from experiments that the log law is observed and substantial log region exists. Throughout this work a fix set of boundary layer constants ( 41 . 0 = k and A 5 = ) has been used. Therefore, the law of the wall in the inner layer, Equation (18), is ( )
For small y the analysis of boundary layer equations shows that the velocity profile is linear such that;
The domain of change of the region from Equation (25) to Equation (24) is not known in closed form. But if we use an expression due to Spalding [4] then the velocity distribution in the entire inner layer can be assumed known. This relation due to Spalding is an empirical implicit correlation with the following form; 
Method of solution-Outer layer
The equation in the outer layer is
With the boundary conditions at infinity
and the matching conditions with the inner layer
In order to solve the outer layer we assume an eddy viscosity hypothesis
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Clauser [5] has assumed that the eddy Reynold's number 
Equation (30) can also be written as
With the boundary conditions given as;
Equation ( For equilibrium pressure gradients β is constant and
. Equation (38) becomes
with the boundary conditions
Here f C is the skin friction and is given by
The condition β is constant implies that
where a is a constant equals β β −
1
. This in turn implies that similar solutions of the boundary layer equations are obtained when the velocity distribution of the potential flow is proportional to a power of the boundary layer thickness. Clauser [5] in his classical work on the outer layer of the turbulent boundary layer has also obtained Equation (40). He prescribed the boundary conditions (41a) and (41c) and determined a family of the profiles of ( ) 0 f ′ when β was held fixed. By actual joining of the experimental velocity profiles for the inner layer, he estimated the skin friction f C .
The advantages of the present procedure are that we do not compute the family of the profiles and fix this arbitrariness by prescribing the boundary condition (41b). Equation (40) is the well known Falkner Skan laminar boundary layer equation. A finite stress arises from the fact that the outer layer has to match with the inner layer and as a consequent of matching a finite stress is imposed on the outer layer.
The equations (40) consequently skin friction f C can be estimated from the Equation (42).
However, Riley & Weidman [6] , in their work on stretched boundaries, reported solutions for the ranges . The boundary conditions at infinity are satisfied by a shooting method which interpolates the two computed solutions so that the error in the boundary conditions at infinity becomes minimum in the least squares sense.
Results & Discussion
Velocity profiles for various values ε and β are displayed on figures (1), (2) and (3) and for values of . This means that boundary layer thickness decreases as pressure gradient increases. Fig. 1 
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shows that for very large values of slip velocity ( ) 0 = ε , the non-dimensional tangential velocity component ( ) η f ′ starts from unity and decreases to zero asymptotically far enough from the wall where it matches smoothly with the outer value ε . Fig. 1 shows that in the region (1), (2) and (3). Fig. 1 shows that for 
Conclusions
The present paper dealt with the analysis of two dimensional turbulent boundary layers with moderately high pressure gradients. For the computation, an inverse approach has been followed. The inverse problem can be stated as; given the slip velocity at the wall find the stress.
The present work succeeded to obtain solution for a wider range of pressure gradients and slip velocities using a finite domain transformation. The results showed that skin friction is zero when wall slip velocity is same as the free stream velocity, negative for However, more work is required to assess and validate the above results. This is being conducted by the author presently.
However, the present work is still in the beginning. Validation of results needs to be conducted. Also, experimental work seems to be required, at least to measure the pressure distribution over a real surface -e.g., an airfoil surface-, from which the external velocity distribution could be evaluated, and substituted for to obtain the pressure gradient parameter. The interesting issue of the present work is that it deals with the solution of the problem of incompressible turbulent boundary layer with pressure gradients which is vital in the skin friction drag calculations for an airplane wings. These issues will be addressed later by the author. 
